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Abstract—Clean energy and water are two essential resources
that any society must securely deliver. Their usage raises sus-
tainability issues and questions of nations’ resilience in face of
global changes and mega-trends such as population growth, global
climate change, and economic growth. Recently, attention has
been paid to the infrastructure systems for water distribution and
power transmission and the coupling between them in what is
commonly known as the energy-water nexus. Although numerous
policy and regulatory agencies have addressed the subject, rarely
is it holistically addressed in terms of an integrated engineering
system for its management, planning, and regulation as an
interdisciplinary concern. This work specifically addresses the
supply side of this integrated engineering system framework. It
takes as its subject the real-time optimal flows in power and
water networks. Significant background literature is brought
to bear on this topic including the emerging co-dispatch of
power and water and the more well established optimizations
for power and water networks individually. The work presents a
mathematical optimization program for the co-dispatch of the
two commodities for three types of plants: power generation
plants, co-production facilities and water production plants.
Production costs are minimized subject to capacity, demand
and transmission constraints and demonstrated on an illustrative
example of modest size. On a practical basis, the program can
be applied directly in middle eastern countries where water and
power distribution are typically under the responsibility of a
single utility. Furthermore, the program provides a systematic
method of achieving optimal results and can serve as a basis
for set-points upon which individual plants can implement their
optimal control. In so doing, it makes a supply-side contribution
to the ongoing grand-challenge of improving the sustainability of
the energy-water nexus.

I. INTRODUCTION

Clean energy and water are two essential resources that
any society must securely deliver [1] in order to develop
sustainably; i.e. meet its economic, social and environmental
goals. In the case of energy, the overuse of conventional
resources has led to their rapid depletion [2]. Moreover, the
associated emission of carbon, nitrogen, and sulphur oxides has
caused environmental issues such as global climate change,
smog, and acid rain respectively [3]. Consequently, research
into clean renewable energy resources and energy efficiency
methods has increased. Similarly, potable water is another

vital resource for survival and development. Increased water
use has grown substantially in recent years; tracking strongly
with energy use and economic development and leading to
depleted water tables in many geographic regions [4]. Hence,
there is an important need to optimize both energy and water
resources. Therefore, the co-optimization of water production
and power generation has gained a new found importance [5]
in light of quickly depleting global energy resources [6] ,
increased concern about national security [7] , and the need
for sustainable economic growth [2].

Traditionally water distribution and power transmission
networks are thought of as separate uncoupled infrastructure
systems. However, in reality, they are very much coupled in
what is commonly known as the energy-water nexus [8]. As
shown in Table I, the energy and water systems may be viewed
as two interlinked value chains. The greatest attention has
been given to the cross-interactions of energy supply to water
demand or vice versa. Many empirical methods have attempted
to quantitatively assess the water consumption requirements of
thermal power generation facilities [9]. Similarly, research is
underway to improve technologies that would diminish this
impact [10]. Another cross-coupling is the electrical pumping
energy required to produce and dispatch potable water [11].
As the subject of this paper, co-production facilities like
hydroelectric and thermal desalination plants [5] couple the
respective supply sides of energy and water [12]. Finally, the
residential, commercial, and industrial use of electric heating
and cooling for water consumption presents a major coupling
on the demand side of both systems [13].

Although the energy-water nexus has recently caught the
attention of numerous policy and regulatory agencies [9] , is
it holistically addressed in terms of an integrated engineering
system framework for its management, planning and regulation
as an interdisciplinary concern. Recent research into smart
(power) grid activities implicitly require a rebalancing of
power generation technology portfolio [14]. Similarly, smart
(water) grid activities implicitly require a rebalancing of the
water supply technologies be they desalination, groundwater
pumping or water recycling [15] . Paradigmatically, as well as
technologically, there is a great potential for convergence of
these work streams. Recently, the energy-water nexus has been
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TABLE I. SUPPLY & DEMAND SIDE ENERGY-WATER NEXUS
COUPLINGS

Power Supply Power Demand

Water
Supply

Co-generation:
• Thermal Desalination
• Hydroelectric

• Pumped Water
• Water Distribution
• Wastewater Recycling

Water
Demand

Thermal-Power
Generation Facilities

Residential,
Commercial, &
Industrial Use of
Electric Heating &
Cooling of Water

modeled as an integrated engineering system [16] and initial
work for holistic quantified planning is reported [17].

This work specifically addresses the supply side of this
integrated engineering system framework in recognition of the
coupling role that cogeneration facilities play. Technologically,
cogeneration provides many advantages; the first being the
more efficient use of fuel, and the second being the produc-
tion of more than one useful product. In northern European
countries, co-production can be used to provide power and
heat, while in Middle Eastern nations, co-production of power
and water is common because of the shortage of fresh water
resources. Since both these resources need to be dispatched
through a distribution network and co-production plants pro-
duce both power and water, there are significant advantages to
optimizing both simultaneously [5], [18].

This paper takes as its subject optimal network flows for
the supply side of the energy-water. Previous work on the
subject by the authors has investigated the couplings within the
simultaneous dispatch of power and waterciteSanthosh2012d.
It considered the plants’ physical characteristics as well as
the process constraints that limit the relative quantities of
power and water. Additional work has also investigated the
role of ramping rates and storage facilities in the simultaneous
dispatch. These contributions, however, treated the energy-
water nexus supply side as a single node neglecting the power
and water distribution networks that they feed. This paper
specifically builds upon previous work to address this network
behavior within the mathematical program.

The remainder of the paper develops in six sections. Sec-
tion II describes the background literature relevant to power-
water co-optimization. Section III presents the the mathemat-
ical program including the power and water network con-
straints. The simulation methodology is explained in Section
IV. Section V presents the results for a hypothetical example
system of modest size. The paper concludes in Section VI.

II. BACKGROUND LITERATURE

This section highlights aspects of the background literature
for power-water co-optimization in three steps. First, the
literature on power and water co-optimization are reviewed.
Next, optimal power flow is introduced as a prerequisite single
product optimization. Optimal water flow is then similarly
described.

A. Co-optimization of Power and Water

The operations research literature on cogeneration power
and water facilities has evolved over the years from single plant
optimization to full scale multi-plant research. For example,
some work has focused on the optimized planning and design
rather than operation [19] . Still others find methods of cost
allocation [20]. Finally, one author directly addresses the
economic dispatch of a single specific facility composed of
a number of sub-units but neither generalizes the formulation
nor applies it all the water and production units in water and
power grid [21]. These works do not provide an extensible
and general optimization applicable to dual-product multi-plant
markets.

Dual-product multi-plant optimization programs have also
been developed. The first experience was that of northern
European countries where an economic dispatch approach has
been applied to power and heat. A single objective function
for cogeneration plants based on power and heat is formed and
then optimized subject to power and heat production capacity
[22] . More recently, an economic dispatch approach for power
and water has been developed that considers demand, process,
and capacity constraints [23], [24]. Another version of this
work considered ramping rates and the introduction of power
and water storage facilities [25].

B. DC Optimal Power Flow

Optimal power flow methods evolved due to the limitations
built into the assumption of economic dispatch. Economic Dis-
patch seeks to minimize the cost of generation assuming that
the entire generation and distribution occurs at one node. This,
however, creates many issues when it comes to its practical
application in electrical power systems. Efficient power system
operation does not just require the respect of aggregate supply-
demand and capacity limits, but also must consider constraints
emerging from the transmission network. Such an approach
can be used to assure thermal and/or stability based line flow
limits and voltage stability. Furthermore, incorporation of the
transmission network can be used to limit line losses [26].
Recent work, on the subject has sought the optimized oper-
ation of flexible AC transmissions system (FACTS) devices
[27], [28]. Therefore, over recent decades, there has been a
consistent, detailed and diverse effort to integrate topology into
the economic dispatch [29] [30] [31] [32]–[34].

For the purposes of this paper, the simplest and most
commonly presented OPF formulations suffice. The AC OPF
problem is described as [35]:

min Cpi(xpi) =

nppX

n=1

Cpi(xpi) (1)

subject to:

pyz �Dpy = vy

mpX

y=1

vy [Gyz cos(✓yz) +Byz sin(✓yz)]

qyz �Dqy = vy

mpX

y=1

vy [(Gyz sin(✓yz)�Byz cos(✓yz)]

(2)

MinGenPP  Xp  MaxGenPP
MinGenWP  Xw  MaxGenWP (3)



V min  vy  V max (4)

pmin
yz  vyzy(Gyz cos ✓yz +Byz sin ✓yz)�Gyzv

2
y  pmax

yz

qmin
yz  vyzy(Gyz sin ✓yz �Byz cos ✓yz) +Byzv

2
y  qmax

yz
(5)

�1 = 0 (6)

where Equation 1 is the cost function, Equation 2 gives the
power flow equations, Equation 3 captures the generator active
and reactive power limits, Equation 4 limits the bus voltages,
and Equation 5 describes the line flow limits. h and k refer to
bus indices. Gyz , Byz ✓yz are the conductance, the susceptance
and the voltage angle difference between buses y and z. Xpi
and Dpw are the active power injections of the generators and
loads while QG and QL are the reactive power injections. vy
is the bus voltage vector. Equation 6 sets the slack bus to zero.

The AC OPF formulation is not straightforwardly tractable
and is often replaced by the linearized DC OPF problem. Three
approximations are made to that effect [36]:

1) vy = 1pu 8y. Node voltages are set to unity per unit.
2) Gyz = 0. Lines are assumed to be lossless.
3) sin(✓yz)=✓yz , cos(✓yz) = 1. Trigonometric terms

have small angles.

C. Optimal Water Flow

Despite being similar in many ways, water flow has not
been explored to the same extent. However, there are some
papers that deal with optimization for both design and op-
timization purposes [37]–[39]. When considering water flow
networks, one needs ensure continuity: that the total flow
entering a node is equal to the sum of the demand at that
point and the outflow. Additionally, the pressure (head) loss
between nodes needs to be included.

These constraints are formulated as shown below:
mwX

t=1

Qtu +Dwt = 0 (7)

Ht �Hu = RtuQt|Qu|n�1 (8)

where Qtu is the water flow in between nodes t and u, mw is
the total number of pipes, Dwt is water demand at the tth node,
Ht is tth nodal head, Rtu is the resistance coefficient in the
pipe connecting t and u and n is flow exponent in the head loss
equation. The flow exponent depends on the selection of head
loss relationship. In the Darcy-Weisbach relationship, n=2,
whereas in Hazen-Williams relationship n=1.852. The Darcy-
Weisbach equation is generally speaking more accurate, but
the Hazen-Williams equation can also provide useable values
for head loss with much less intensive calculation needed [40],
[41].

III. PROBLEM FORMULATION

An optimal network flow for the supply side of the energy-
water nexus can be viewed as the combination of the three
types of literature reviewed in the Background section. The
problem formulation builds upon the previous work on simul-
taneous co-dispatch of power and water while introducing the
constraints from optimal power flow and optimal water flow.

Prior to proceeding a summary of the utilized nomenclature
is provided in Table II.

TABLE II. SUMMARY OF NOMENCLATURE FOR THE OPTIMAL FLOW
OF SUPPLY SIDE OF THE ENERGY-WATER NEXUS

Power Domain Water Domain

Power Plant
Index i —
Number npp —
Product xpi —
Minimum Capacity Limit MinGenPP —
Maximum Capacity Limit MaxGenPP —
Incidence Matrix Ipiy —
Cost Function Cpi(xpi) —

Water Plant
Index — j
Number — nwp

Product — xwj

Minimum Capacity Limit — MinGenWP
Maximum Capacity Limit — MaxGenWP
Incidence Matrix — Iwjt

Cost Function — Cwj(xwj)

Cogeneration Plant
Index k k
Number ncp ncp

Product xcpk xcwk

Minimum Capacity Limit MinGenCPP MinGenCPW
Maximum Capacity Limit MaxGenCPP MaxGenCPW
Incidence Matrix Icky Ickt

Cost Function Cck(xckp, xckw) Cck(xckp, xckw)

Distribution Network
Bus Node Indices y, z t, u
Number mp mw

Demand Dpy Dwt

Electric Admittance Byz —
Electric Conductance Gyz —
Hydraulic Resistance — Rtu

Voltage vy —
Voltage Angle �y —
Pressure — Ht

Flow Byz(�y � �z) Ftu

Minimum Flow MinPFlowyz MinWFlowtu

Maximum Flow MaxPFlowyz MaxWFlowtu

The primal problem is then formally described as:

min CG(xpi, xwj , xck) =

nppX

i=1

Cpi(xpi) +

nwpX

j=1

Cwj(xwj) +

ncpX

k=1

Cck(xckp, xckw)

(9)
where Cpi(xpi), Cwj(xwj), Cck(xckp, xckw) are the cost func-
tions for ith power generation plant, the jth water production
facility, and the kth cogeneration facility respectively. The cost
functions may take any one of a number of functional forms.
In the scope of this work, they are taken as quadratic in their
respective decision variables.

Cpi(xpi) = a2ix
2
pi + a1ixpi + aoi

Cwj(xwj) = a2jx
2
wj + a1jxwj + aoj

Cck(xckp, xckw) = a11kx
2
ckp + a22kx

2
ckw + a12kxckpxckw

+ a1kxckp + a2kxckw + aok
(10)

The objective function is subjected to active power flow con-
straint in Equation 2 with the DC power flow approximations.



It also specifically adds a term for the cogeneration facilities.

8y ={1 . . .mp}

0 =Dpy �
ncpX

k=1

Ickyxcpk �
nppX

i=1

Ipiyxpi +

mpX

y=1

Byz(�y � �z)

(11)
Similarly, the water balance constraint in Equation 7 adds
another term for the cogeneration facilities.

8t ={1 . . .mw}

0 =Dwt �
ncpX

k=1

Icktxcwk �
nwpX

j=1

Iwjtxwj +

mwX

t=1

Ftu
(12)

The pressure loss equation is taken from Equation 8 assuming
the Darcy-Weisbach relationship.

Ht �Hu = RtuQ
2
tu (13)

The power and water generation limits are then gathered
together for all three types of production facilities.

MinGenPP  Xp  MaxGenPP
MinGenWP  Xw  MaxGenWP
MinGenCPP  Xcpp  MaxGenCPP
MinGenCPW  Xcpw  MaxGenCPW

(14)

The power and water flow limits are then gathered 8y, z =

{1 . . .mp} : and 8t, u = {1 . . .mw}.
MinPFlowyz  Byz(�y � �z)  MaxPFlowyz

MinWFlowtu  Qtu  MaxWFlowtu

(15)
Finally, the slack bus constraint of zero voltage is taken from
Equation 6.

IV. SIMULATION METHODOLOGY

The optimization program provided above was carried out
on a hypothetical system composed of four power plants, one
cogenerator and one pure water plant. The power network
admittance data was taken from the standard IEEE 14 bus
system as shown in 1 and has five generators. The four power
plants are located at buses 1 ,2 ,3 ,6 while the cogeneration
facility is located at bus 8.

Fig. 1. Power Network - IEEE 14 bus system

The water network system consists of eight nodes as shown
in 2 and includes a water plant at node 1 and a cogeneration
facility at node 2.

Fig. 2. Water Network - 8 node system

The interested reader is referred to X for the complete set
of input data.

The optimization was conducted in GAMS Optimization
software on a HP Laptop with an Intel Core i5 CPU 2.27
GHz processor. The CONOPT solver was used to execute the
optimization. In total, the code for the hypothetical system
above completed within 15 seconds.

V. RESULTS

Figures 3 shows the power generation levels where power
plants 1 and 2 are acting like base load plants, while plants 3
and 4 are acting like peaking units. As has been previously dis-
cussed [5], [9], [11], the cogeneration facilities are particularly
constrained and maintain relatively steady power generation
rates. The water dispatch is shown in Figure 4. Here, the
limited number of water facilities has caused both the water
and cogeneration facility to meet the demand. Finally, Figure
5 shows the total costs incurred over the 24 hour period.

The optimization runs correctly and gives an optimal solu-
tion. Beyond the dispatch itself, the optimization program does
run up against all of various constraints over the course of the
day. Line 1-2 in the power network is habitually constrained
over the course of the day. This suggests the need for a
transmission capacity upgrade. In the meantime, the water
network showed much more balanced behavior. Ten different
lines showed constrained behavior particularly in the midday
hour when the aggregate water demand was at its highest. In
all, these results suggest that the expansion of the simultaneous
co-dispatch of power and water from a single node model to a
network model is not just effective in meeting meeting supply-
demand balance but also is effective in assuring the safety
constraints imposed by the line flow limits.

Fig. 3. Power Generation Profile over 24 hours



Fig. 4. Water Generation Profile over 24 hours

Fig. 5. cost over 24 hours

VI. CONCLUSIONS

Thus it can be seen that the economic dispatch of power
and water can be expanded by taking into consideration
the power and water networks flows. This does lead to a
more complex optimization with more severe constraints and
therefore finding the feasible region and optimal solution
are more difficult in some cases. However, the optimization
does run successfully for a complex hypothetical system that
consists of a standard IEEE system and realistic water network.
Furthermore, the results suggest that the that the expansion
of the simultaneous co-dispatch of power and water from a
single node model to a network model is not just effective in
meeting meeting supply-demand balance but also is effective in
assuring the safety constraints imposed by the line flow limits.
In such a way, it expands the operations management of the
supply side of the energy-water nexus as a single integrated
engineering systems.
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